Int. J. Appl. Math. Optim. AL, 2(1), (2026), 39-48 https://doi.org/10.XXXXX/ijamoai.XXXXXX
ISSN: 3136-9383 https://www.1ijamoai.org

International Journal of Applied Mathematics,
Optimization and Al

Research Article

Hermite-Hadamard-Type Inequalities for Generalized Preinvex
Functions

Naila Talib and Rana Safdar Ali

Department of Mathematics and Statistics, The University of Lahore, Sargodha Campus, Sargodha, Pakistan
* Corresponding author: safdar.ali@math.uol.edu.pk

Received: 19 September 2026  Revised: 28 September 2026  Accepted: 28 September 2026

Keywords: s-type covex function, m-exponential pre-invex function, power mean integral
inequality.
MSC 2020: 05A30; 26A51; 26D10; 26D15.

Cite as: N. Talib.; R.S. Ali. Hermite-Hadamard-type inequalities for generalized preinvex
functions, Int. J. Appl. Math. Optim. AL, 2(1), (2026), 39-48.

Abstract

In this research work, we introduce the concept of an s-type n-polynomial m-exponential
preinvex function and establish several fundamental results concerning its algebraic proper-
ties. Furthermore, by employing this newly defined class of functions, we derive improved
forms of the Hermite—Hadamard (H-H) inequality and obtain several refinements of H-H-
type inequalities. The results established in this study provide meaningful extensions and
generalizations of several existing results in the literature. As special cases, these findings
are further illustrated through appropriate corollaries, which recover and extend a number
of well-known inequalities.
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H-H-Type Inequalities for Generalized Preinvexity

1. Introduction

Inequality theory and convex analysis form important pillars of contemporary mathematical
analysis, with broad applications across both pure and applied mathematics. Among these
concepts, convexity provides a powerful framework for studying the structural properties of
functions and plays a central role in diverse areas, including optimization, functional analysis,
numerical analysis, and mathematical modeling. A tremendous book written by Hardy et.al
[1], describes the detailed concepts of convexity of any function. Some useful and significant
applications of different convexities are discussed in [2, 3, 4, 5], that resolve many problems of
fractional inequalities.

The invex function is defined by Hanson [6]. The concept of invex and preinvex function
was given by Ben-Israel and Mond [7]. The theory of convexity performed a vital role in distinct
areas like information theory, coding theory, engineering, optimization and inequality theory.
The generalizations, extensions, variants, and refinements for different type of convexity are
considered by many scientist. Toader [8] firstly explored namely m-convex functions. Later on,
Latif and Shoaib [9] and Deng et.al [10] discussed the generalized idea of preinvexity by utilizing
m-preinvex function. Toplu et al. [11] developed a generalized form of the Hermite—Hadamard-
type inequality and examined the framework of n-polynomial convexity. Subsequently, Rashid et
al. [12] introduced the concept of n-polynomial s-type convex functions and established several
associated integral inequalities, thereby extending the existing results in the theory of convexity
and inequalities.

Definition 1.1. [13] Let U C R" be a nonempty set. We say that U is **invex with respect to**
the bifunction &(-,-) if, for every &, o € U and w € [0, 1], the point ps + w (S, o) belongs to
U.

O+ wl(O, 12) € U, )

the U set mentioned above is called also the E—connected set.

Definition 1.2. [14] Let U C R" and consider the mapping & : U x U x (0,1] — R™. The set
U is said to be **m-invex with respect to {** if, for every ©, s € U, m € (0,1], and w € [0, 1],
the following inclusion holds: mus + w&(S, p, m) € U. holds for every &, us € U, 0 € [0, 1],
and m € (0, 1].

Definition 1.3. [13] The o function on the U invex set with respect to & is noted to be pre-invex,
if
P(E +ws(S, ) < wp(S) + (1 —w)p(pe), Yw € [0,1],6,u € U. 2)

The —¢ function is noted to be preincave if and only if ¢ is preinvex. The Mohan and
Neogy[15] function £ discussed the hypothesis regarding ¢ is mention below.

Condition for C': Condition C plays a significant role in the development and analysis of
various types of invexity and related inequalities. This condition was introduced and studied in
the context of invex sets by Noor [16] and Farajzadeh et al. [17].

Let U C R" be an open invex set with respect to the mapping

£:UxU— R".
Then, for any ©, s € U and w € [0, 1], the mapping ¢ is said to satisfy Condition C' if

§(,u2, H2 + w5(67 :U’Q)) = _w5(67 :U’Q)v
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and

5(67 M2 + w§<67ﬂ2)) = (1 - w) 5(67 IU’Q)

5(”27 H2 + U)é(@, ,U/2)) = _w5(67 :U’Q) (3)
5(@7,u2 +w£(@7,u2)) = (1 _w)f(@MuQ)? (4)

for any wy,wy € [0,1] and &, s € U from condition C,we have

E(p2 + w2l (O, p2)), pro + wi&(S, p2) = (we — w1)E(S, p2). 5)

Extended condition C': In terms of m-preinvexity, the Ting Song Du [18] extended the '
condition. Let U C R™ with respectto & : U x U x (0,1] — R™, be an open m-invex subset
for any w € [0, 1], and &, us € U, then

f(,ug, mipio + wf(@, M2, m)) = —U}f(@, H2, m) (6)
5(@7 M2 + wg(m@, 2, m)) = (1 - ’LU)f(@, H2, m) (7)
g(@nu%m) = _5(#2797m)' 3)

Definition 1.4. [19]If p : U — R, then ¢ with respectto & : U x U x (0,1] — R", is said to
be generalized m-pre-invex for fixed m € (0, 1], if

p(mpz + ws(S, p2,m)) < wp(S) +m(l —w)p(ps), ©)
holds for every w € [0, 1], 6, pus € U.

Definition 1.5. [/2] A ¢ : U — R non-negative function is noted to be s-type convex function
ifvo,us € Uyn e N, w,s € [0,1], if

pw S +(1 —wpz) < [1 = (s(1 = w))[p(S) + [1 = swlp(p2). (10)

Definition 1.6. [/1] A p : U — R real valued non-negative function is noted to be n-
polynomial convex function, if

L= 0-wle©) , Ll -wlew) gy

plw & +(1 —w)m) < - -

Vo, ue € Uyn € Nys € [0, 1] and w € [0, 1].

Definition 1.7. [12]A nonnegative function p : I — R is said to be an s-type n-polynomial
convex function on I if, for every ©, iy € I, n € N, and s, w € [0, 1], it satisfies

n

p(wo +(1 —w)ug) < %Z (1= (1 =w)*) p(e) + (1 —w*) o(ps)] -

2 i [1 = (s(1 = w))]

p(w O +(1 —w)pz) <
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Definition 1.8. [19] Consider a nonempty m-invex set U C R with respect to & : U x U x
(0,1] — R, then n-polynomial s-type m-pre-invex for ¢ : U — R as,

)) < Z?:l[l B (8<1 B w))z] ¢<@) + Z?:l mz[l — (Sw)z}

n n

gp(m,ug + wf(@7 M2, @(M?)a (13)

holds for every ©, us € I, s,w € [0, 1], and n € N.

Definition 1.9. [20]Two functions are similarly ordered functions if

(0(©) = o(12))(#(O) — d(p2)) 20, VO, p2 €R (14)

Definition 1.10. /2] ]Let a nonempty invex set U € R with respectto € : U x U — R, is said
to be s-type n-polynomial pre-invex with the function ¢ : U — R, if

@(M2 + U)g(@7 ,U/Q)) S Z?:l[l - Ej(l - w))z] 80(@) + Z?—l[ln_ (SU))Z]

holds for ©, us € U, s,w € [0,1],w € [0,1], n € N.

©(2), (15)

Definition 1.11. An invex set U and real valued o function is called exponentially pre-invex,if
the inequality holds for 0 € R

exponentially pre-invex (ep) function defined by Mubeen et.al in [22] definition (2.8) and mention
its limitations.

2. m-Exponentially Pre-invex (m-EP)

Definition 2.1. If ¢ : U — R, with respect to § : U x U x (0, 1] — R", then ¢ is noted to be
m-exponentially pre-invex for 6 € R, and some fixed m € (0, 1], if

©(O)
0O

o(p2)
efnz

holds for every &, us € U,w € [0, 1].
If we take 0 = 0, we get generalized m-pre-invex [19]

If we replace s = 1 in [22], definition 2.10, we have (17).

3. s-type n-polynomial m-exponentially pre-invex

In this section, we introduce s-type n-polynomial m-exponentially pre-invex function and also
discuss its some algebraic applications.

Definition 3.1. A non empty m-invex set U C R, with respectto § : U x U x (0,1] — R is
called s-type n-polynomial m-exponentially pre-invex for the function ¢ : U — R, if

< 2= (A =w)) e(0) 3501~ (sw))m’ p(u)

p(mus + wl(S, pa, m)) < n 0o n eOnz

, (18)
holds for every S, o € U, s € [0,1],m € (0,1],w € [0,1],n € N, 0 € R.
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If we take 6 = 0, the s-type n-polynomial m-exponentially pre-invex function reduces to
s-type n-polynomial m-pre-invex function defined in [19]

Theorem 3.2. Let p, ¢ : [ = [©, ua] — R be two s-type n-polynomial m-exponentially pre-invex
functions. Then the following properties are satisfied:

1. The function ¢ + ¢ is also an s-type n-polynomial m-exponentially pre-invex function.

2. For any constant ¢ € R with ¢ > 0, the scalar multiple cyp is an s-type n-polynomial
m-exponentially pre-invex function.

Proof. 1. ¢ + ¢ is s-type n-polynomial m-exponentially pre-invex function.

(¢ + &) (mpz + wE(S, 2, m)) =
(@) (mpg + wE (S, pa, m)) + (&) (Mpg + wE(S, pa, m))

<3200 =) S 1= ) 2
P30 ) A2 Ly 22
) % . w))l.)me)ejegzs{el) S 1 (o L2 00
- '; (1= (61— up) EEDE 4 L i_m"a ~ (o)) L) )
S
2. (¢p) is s-type n-polynomial m-exponentially pre-invex function.
(cp) (mpy + wE(S, pa, m))
<cln §<1 (s AP 4 (1 — (su)) 2
- 2200 =) B S () S
= Ly - ) LS (e )

hence proved.

Theorem 3.3. Let o : [ — L is s-type n-polynomial m-exponentially pre-invex function with
respect to £ and ¢ : L — R is non decreasing function.Then (o) is s-type n-polynomial
m-exponentially pre-invex function.
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Proof. Forevery ©, 1y € U, s € [o,1],w € [0,1],n € N, 0 € R, we have

(QSOSO) (m:u2 + wf(@, M2, m)) = ¢((90)(m:u2 + w5(67 M2, m)))

n

< Cb{% Z(l — (s(1— w))i)i(og) + % Zmz(l — (sw)") (i)

< IS w A L Zm ¢<f§f>>
=X )2 25 s - ey 050

which is required proof.

4. Behavior of H-H inequalities of s-type n-polynomial m-exponentially
pre-invex function

Theorem 4.1. Let U C R be an open m-invex set with respect to the mapping £ : U X
U x (0,1 — R, where m,s € (0,1]. Let ©,us € U with & < pus, and assume that
mps + £(8, 2, m) < mpus. Suppose that ¢ : [mus + (S, pa, m), us] — R satisfies the
extended Condition C. Then the following Hermite—Hadamard-type inequality holds:

o (o getenm) < ez S (1-(5))

mu2+f(97M27m) . /"2+%§(67M27m)
X [/ _g)(i) dr + m’“/ #lz) da:]
o

0 Ox
mps e e

2

<1 ) [A2 s wete]

=1

Proof. Since U is an m-invex set with respect to &, for every m € (0,1] and w € (0, 1], we have

mips + wf(@,,ug,m) eU.

Applying the extended Condition C' for &, taking w = %, and utilizing Definition 3.1, we
obtain the desired relation. Integrating both sides with respect to w over the interval [0, 1] then
yields the required inequality.

¢<my+w5<x>y’m>>ﬁ—2 (1= (s(1-0 >>¢<x>+1imi<1—<59>i>i§§)
dlm getrn < 13 (1- (3)) 52+ L 5 (- ()5

p(my + %5(9&, y.m) < — z; (1 _ (E)) [806(952) N miw(y)}
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in above inequality we put = = mpus + w&(O, pa, m) andmy = mus + (1 — w)&(S, g2, m) so
first we prove the Left Hand Side of the inequality

1 1
plmy + 58z, y,m)) = p(mpus + SE6(S, 2, m)
after putting the value of x and y, we obtain

1

plmy + 56y m) = plmy+ 5

=l + (1 = W), 2, ) + 5 (g + WE(E, 2, )
= mypy — (1 = w)§(S, p2,m)) (21)

x —my))

Now, by using the extended C condition, we have

Lw =1+ w)(©, pmym)

plmy + SE(y,m) = plmps + (1= w)E(©, pam) + 5

= s+ (1~ w)E(S, o, m) + 1 (20— DES, i, m)
go(my + %f(l’,y, m)) = <)0(771:“2 + (1 - w)&(@uu%m) + %(QU) - 1)5(@7 :U’27m)
plmy + 56y m) = plmp + (1= 0w~ DE, 2, m)

p(my + %f(x,y,m)) = p(mpug + %S(@wz,m)

Now,
1
(mpz + 55(97 fha, M)
1 S\i e(mps + wé(S, ,uz, 5(@ f2,Mm))
= E 12:1: <1 B (5) ) [/0 e0(mpa+wé(S,u2,m d +m’ 9(u2+ )5(9#27771)) dw]

By using substitutions x = myus + w&(S, pg, m) = dw =
andw = 1= 2 = mus + &(S, 2, m)

as T = g + (l:n—w)f(@,ug,m) = dw = 5(525,%)’ where w =0 = = ps + %S(@,ﬂg,m) and
w = 1= x = us, we have

ﬁ,wherewzoix:mug

1
o(mps + 55(@7,“277”

< LEL Q) e,

n 5(@7 M2, m) mp2 ef
' po+ (O, p2,m)
+ m! Sp(f)dm]
e x

H2

To establish the right-hand side of the inequality, we apply the definition of an s-type n-
polynomial m-exponentially pre-invex function to obtain

/01 p(mpe+ws(S, po, m)dw < % Zzn; /01(1—(3(1—10) mﬂm Z /
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Since,
1 1 mua+£(S,u2,m)
/0 p(mps + w(S, 2, m)dw = m/ﬂm p(z)dx
1 muz+€(S,u2,m) O) < 1 ,
; ) m2 =1
n 1
+ ii’gjz) Zmi/o (1 — (sw)")dw (22)
1 nopl
(1—w) v(9) i
[ et S e < ZES [~ G
n 1
+ Zi@‘j) Zmi/0 (1— (s(1 — w))")dw
=1
As,
1 1— i+1 Mri-%f(@#u,m)
J, s+ B e i = s [ A
it1 pa+=E(S,p2,m) 0) — 1 .
’ ) H2 =1
n 1
+ iiﬁfjjzm/o (1— (s(1—w)))dw (23)

Adding equation (22) and equation (23), we have

1 mp2+&(S,pu2,m) - p2+ 5 (8 u2,m)
1) I mp H2

(1—w)

m

1 1
_ / (s + WE(S, iz, m))dw + / otz + E(©, iz, m))duw

) i/olu = (51— w)) ) + £ imi/ol(l — (sw))dw

nefe nedu2
PSS [ Gwyyw+ £ St [0 (0w

n i

2 S ; 2
<2y 0- R et

i=1

This complete the proof. ]

Corollary 4.2. By setting m = 1 and 0 = 0 in Theorem 4.1, we recover the Hermite—Hadamard
inequality for s-type n-polynomial pre-invex functions, as presented in [21].

Corollary 4.3. By takingn =1, s =1, m = 1,0 = 0, and (O, j12, m) = © — o in Theorem 4.1,
we recover the classical Hermite—Hadamard inequality.

Corollary 4.4. By setting s = 1, m =1, 0 = 0, and (S, 19, m) = © — s in Theorem 4.1, we
recover inequality (3.1) established by Toplu et al. [11].
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5. Conclusions

In this research work, we introduced the concept of an s-type n-polynomial m-exponentially
pre-invex function and established several fundamental properties associated with this class
of functions under a non-decreasing function {. We further developed the (s, n, m)-pre-invex
framework and investigated its algebraic properties and potential applications. Based on these
generalized convexity concepts, we derived several new Hermite—Hadamard-type inequalities
and established meaningful refinements of existing inequalities. Furthermore, by selecting
appropriate values of the involved parameters, our results yield several well-known inequalities
and corresponding corollaries available in the recent literature. These special cases demonstrate
the generality of the proposed framework and highlight the significance of the obtained results.
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