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Abstract

Let Zu= -3, (@ijuz)e; =V-honD CR", n >3, (a;) € VNL>® Forl <q<n,
0<X<n, 3>0,set®(t) = tilog’(e + t) and let ZE’A(D) be the ®-modulated ball-
oscillation (Zygmund) class. For h € [ZE’A(D)]” we prove 0,,u € Zg’)‘(K ), K € D, witha
quantitative bound, via a parametrix decomposition, a Calderén—Zygmund operator estimate
on Zg”\ obtained from the Orlicz-space singular-integral theory together with the norm
comparison (6), an V-smallness estimate, and a Banach contraction. A Hélder corollary
follows at A + ¢ > n.
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Regularity in elliptic equations

1. Introduction

Calder6n and Zygmund [1] founded the singular-integral theory underlying all subsequent
regularity results for

Lu = — Z (aij(m)uxi)xj =V h(:L‘), re€DC Rn’ n = 3. (1)

ij=1

Chiarenza, Frasca and Longo [2] proved W ?29-solvability of the non-divergence Dirichlet problem
when (a;;) € V (Sarason [3]), in place of continuity. Di Fazio [4] obtained the divergence-form
L7 analogue via a Green-function representation. In this paper the datum and conclusion are
placed instead in the Zygmund space ZE’A(D), ®(t) = t91og”(e + t), built from the Orlicz—
Zygmund modulus of Iwaniec and Verde [5] (see also Zygmund’s original L log L theory in
Fourier analysis); this sharpens the plain-power (3 = 0) case [2,4,6,7] by an explicit logarithmic
factor throughout, and the 3 = 0 reductions of Theorems 3.1-3.4 recover it verbatim.

Related regularity results include the fine-regularity/potential-theoretic monograph of Maly—
Ziemer [8], the geometric/probabilistic survey of Cabré [9], the classical discontinuous-coefficient
theory of Browder [10], Besov regularity on polyhedral domains [11], and a cloud-edge atmo-
spheric model [12]. On the potential side, exponentially damped Riesz-potential estimates [13],
Wolff-potential bounds on Riemannian manifolds [14], an ergodic-theoretic companion [15],
fractional Hadamard-operator boundedness on oscillation-type spaces [16], and Katugampola-
operator boundedness [17] sharpen the operator constant in Remark 2.6 below; nonlinear model
equations of the same divergence type are treated in [18-20].

2. Functional-Analytic Framework

Fix a bounded open D C R", n > 3; B,(x) the open ball of radius p, |B,| = w,p", and for
e Ll .BCD,gg:=[BND|™" [, ,edy.

loc»

Definition 2.1 (Orlicz—Zygmund modulus [5]). For 1 <p < oo, BeR(F>0ifp=1),

B) = P log(et), w00 log' (D)= {C [ [P log(esldl)dy < oc,

2)

1€l 10g? 1y = nf{ x> 0 /D\gvﬁogﬁm [$)dy <1}, (3)
Forvy,u>0,A>1:

log(e + yu) < log(e +7) +log(e + ), log(e + Au) < Alog(e + p), (4)

(v + w)Plog(e 4+ + ) < 2P 9P log(e + ) + 27 P log (e + p). (5)

Iwaniec—Verde [5, Thm. 8.1]:

1/p
Il 2102 Ly S {/Dmplogﬁ(e+||<fl<m>dy} S 20¢l 2 107 £p)- (6)

Definition 2.2 (Zygmund space). For 1 < ¢ <o0o,0 <A <n-+gq, >0,

q — . — q B =
HSOHZZ”\(D : ysclel’ID) A /Bp @Bp(ac)} IOg (€+ ‘g@(y) @Bp(:v)l)dya (7)
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Regularity in elliptic equations

Zg”\(D) ={p e LYD): ||90”zgv*(p) < 0o}, equivalently ||(,0Hzg,)\(p) = sup, , pM1D-modular'/?
with ® as in (2).

Remark 2.3 (Monotonicity). 0 < A\; < g <n+g¢q, 0 < [ < Py
HSDHZS*M(D) < CH‘P”ZgM(D)a ||90”zgv*(p) < ||90||zgf(p) < ||90||zg§(p)‘ (8)

The first follows from Hélder’s inequality on B,(x) ND raised to the power A3/ \1-comparable
exponents, the second, since t — logﬁ (e +t) is > 1 and non-decreasing in (3 for t > 0. At
A =n: ZP"(D) ~ B(D). Atn < XA < n + q: ZIN(D) — COA-m/4(D).

The operator (1) is governed by, for a fixed 5 > 0,

Jg € (1,n),A € (0,n) :h e [ZZND)]", (A))
a; € L*(D)NV(D) Vi, j, (Az)
a;; = aj; a.e., (As3)
F2e> 03 € < 068 < #[Ef ae., (Ay)

and u € Wh4(D) is a generalised solution of (1) iff
/ jjUs,; Py AT = —/ hi¢y, dv ¥ ¢ € C5°(D). 9)
D D

Remark 2.4 (¢ < n). q% = % — L= ¢ > q WH(D) — LT (D) — ZP(D), used in

Theorem 3.1(i). For q > n this holds a fortiori. The borderline ¢ = n is where the damped
Riesz-potential estimate of [13] saturates.

A Calder6n—Zygmund kernel x: smooth off 0, homogeneous of degree —n, rkdo = 0;

|€]=1
N = max‘aggn HagliHLoo(DXSn—1),

Sp(r) := P-V-/fo(%w—y)w(y) dy,  Q(b,p)(x) = P-V-/D ki, x—y)(b(z)=b(y))p(y) dy.
(10)

Theorem 2.5 (Calder6n—Zygmund estimates on ZE’A). Letl < g<oo,0<A<n, >0,
b e V(D)n L>(D).

(i) Ie=c(n,q,\,8,N) > 0:

A
HSQOHZZ’A(D) < CH‘PHzg»A(D) Ve ZZ (D). (11)

(11) V€>03p0>OBTcD,r<p0:>

HQ(b7 @)Hzgﬁ(gr) <ce ||<P||zgvA(Br)' (12)

Proof. (i) ®(t) = t¢ log? (e + t) satisfies the A, (doubling) and V5 conditions for every 5 > 0,
q > 1: from (4), ®(2t) = (2t)7log” (e + 2t) < 294 (log(e +t) + log 2)6 < ¢(q, B)®(t). Hence,
by the classical Calderén—Zygmund theory on Orlicz spaces (see e.g. Kokilashvili-Krbec [21]),

IS¢l e, @) < ci(n,q,8,N) ¢llre@, @) YBy(z) CD. (13)
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Setn (= Sp — 3_903 (z)- Since & has mean zero on Sn~1, the Poincaré-type identity n =
S(p—Pg, ) +O(Np~ fD 5, [ —Pp,| dz) holds on B, (x) (the classical Campanato—Calderén—
Zygmund sphttlng, [6]), so by (13) and 5),

[ vy < 27 [ 0~ )y + 270 (el sup2 gl g B,
By (2) By () k21 ’

(14)
the tail sum bounded by dyadic decomposition of D \ B, into annuli 2¢p < |z — y| < 2F1p,
each contributing ¢ 2~ *(=aad) ||| 2% summable since A\ < n. Dividing (14) by p*, taking the

g-throot, sup, ,, yields (11) with ¢ = ¢(n, ¢, A, 3, N).

(ii) Identical, with Q in place of S: the V-commutator bound || Q(b, )|z 5,) < cws(p)llllLes,)
(Orlicz-space commutator theory, [6]) replaces (13); the same splitting and dyadic tail sum give
(12) with € := wy(po) — 0. H

Remark 2.6 (Sharpness). ||890||gg»A <c¢(n,qg,A\)(1+N) ||g0||zg,x via the damped Riesz potential

[13]; feeding this into (14) gives ¢ = c(n, ¢, \)(14+N) log?4(e+N) in (11). Wolff-potential com-
parison [14] plus the ergodic averaging of [15] gives ¢~ ||g0|]2q » S|V, q<,0||zq r S c||<,0||2q A,

Wi gp(z) == dlamD Pl "f |g0| Y/ a=1) d” . Hadamard-type (logarithmic-singularity) kernels
are covered by [ 16 ]

3. Principal Theorems

0<r<R,BrCD,¢eCyBr),¢=1onB,, w:=¢u A:=(a;),
F := ¢h + wAV ¢, g := (AVu, Vo) — (h, Vo), Zw=V-F+g. (15)

P(z,t): fundamental solution of — 3~ a;;(x)0}, . (frozen); Py; := 97, P, P; := 0, P

() = P;(z, )¢, dog, 16

ule)= [ Puleg)edo; (16

Q(ajp, O, w)(x) = P-V-/B Pii(x, 2—y) (ajn(2)—an(y)) 0w, w(y) dy, (17)
ZPV/ iz, o—y) Fi(y )dy—/B Pi(xz,z—y)g(y) dy—l—ZDih(x)Fh(a:)

' (18)

Opw(z) =Y Qajn, Op,w)(x) + Zi(x),  ae.x€Br ([4]). (19)

Jh=1

Theorem 3.1 (A priori bound). Under (A1)—(Ay), 1 < ¢ <n, B > 0; u € W(D) solves
9), 0,,u € LY(D). With \g := min(\,q), ¢' == ¢* (q% = % — 1), for every K € D there is

¢ =c(n,q,\, B, 5w, dist(K,0D)) with 9,,u € Z*(K),

|0, u

29700y < (el 3920y + Bl g5 ) + 195,

Lot agpy) 20)
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Proof. (i) ¢ < n = W' — L9 — Z{(D) C Z§%(D) (Rem. 2.3), so u € ZF%(D); with
(A1), (15) and (5) (multiplication by ¢, V¢ € Cg° bounded on Z; via (4)),

Fezi™D), geZzZi™"D). 1)
By Thm. 2.5(i),
AN<q=F ezl S 8F ezl Asg=Fezl = SFeZi% ()
so SF;,8g,> , 0inky, € Zg’AO(D), ie.
% € ZP°(D), i=1,....n. (23)

(i) W = [Z2%(BR)]" = [Z87°(Br)]". (¥v); := Y, , Q(ajn, vp) + %;. By (12), choose
R < po: cn® max;, wg,, (R) < % =

H\IIV - ‘IJV/H[ZE’AO]n S %HV - V/H[Zg)‘O]n' (24)

Banach: unique v* = Wv*; uniqueness of (9,,w) € [LY™ D [ZE’AO]” solving (19) forces
Op,w = vf € ZE’AO (D). Tterating Ay — Ao + Jp (finitely many times, §y > 0 independent of the

level since py = po(n, q, A, 5, N)) gives O ,w € Zg’A(D).
(iii) D = Bgr, K = B,.. For x € B,, p > 0, Thm. 2.5(i) applied to (19) gives

1/q
p M4 (/ |0zt — O, ugg (x)|q10g6(e +1- |))
By (z)NB; ’
< (ol R Oastel 2y sy + IF 20 ey + HQHZZT’*‘”/%BR))' 2
sup,, = Hainllng(sT) on the left; R with cwy(R) < 3 absorbs the first term:

Haxiu”zgﬂ(gr) < QC(HFHzg’*(BR) + HgHZgT,AqT/q(BR))S (26)

(21), (15):

IFll g < elllullzgr + Illzga), Mol pqrratre < elldul] pgtnatsas 27)

substitution into (26) gives (20).
(iv) Tracking N via Remark 2.6 in place of Thm. 2.5(1) through (1)—(iii):

”awiqug’A(K)
< coln, 0.2, 8)(1-+ 2) 108"/ (e + 52) ([l 3 + Iy + 190 yinit ) 29
co independent of . 0

Theorem 3.2 (Global regularity). Under (A1)—(Ay), 2 <qg<n,0<A<n, 3>0;ue L*D)
solves (9), 0,,u € LY(D). For K € D, 3¢ = ¢(n,q, \, B, »,w, K, D):

|0z, u

yZZ,A(K) < c(|lull 2y + Hhuzg,k(p)), i=1,...,n. (29)
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Regularity in elliptic equations

Proof. qo = 2, qk1+1 = qik — L oo; induction on k, ¢ € (gy—1,qx], terminating at k* :=

min{k : qx > q} < o0.
Initialization (k = 1): energy estimate HaIiUHZS,A(,D) < c1(JJul| 2 + Hthg,x(D)) [6,22], and

L?log” L < L? on bounded D (log”(e + t) < ¢(1 + t), Holder) give

10zl g2 py < er(lull2p) + [l g2 p))- (30)

q" < qi, A\g' /g < X = (Rem. 2.3)

[0z, u Izgr,Aqm < 2| Opul 20 < ea([full 2 + (B[ z2); (1)
W2 ey [0y 20N =
lull g0 < eallOmull z25 < callOriull 20 < es(fluflre + (R £2), (32)

using 23 — 237 (Rem. 2.3); 31), (32), 1] 22 < ||| ;. into (20):

10zl 2521y < eolllullzzmy + Rl 22 () )- (33)
Induction (¢ € (qx—1,qx)): hypothesis Haxiu\zgk_l,x(m < er(|Jullzz + HhHZg,A); gt <
k-1 =
102 ull ot rat g < N0t jasr < er(llullze + [l zo0), (34)
e g B
[ull g < esl|Ozull jarn < esl|Onyull jaomsn < colllullz + [Ih]] z92); (35)
0 0 8 B

(34), (35) into (20) closes the step; k* < oo ends the induction. Via (28) in place of (20), c in
(29) is polynomial of degree < k* in ¢, with factor log™"/?(e + ). O

Lemma 3.3 (Poincaré). 1 < ¢ < oo, 0 < A<n+gq >0:3dc=c(n,qg\p), VB CD,
p € WH(B,), Vi € 23 (B,):

HSOHZI‘;HQ(BT) <cr ”kuzgﬂ*(gr)- (36)
Proof. n = [p — PBy(x) > By(r) C B,:
/ nldy < cgq/ Vel dy (37)
By () Bo(x)

(Riesz-potential representation, [8, 13]). By (6) on n and (37),

V| log” (e L)dy. (38)

/ n? logﬁ(e +n)dy < 2%@‘1/ +
B, (x) 17l (8, )

Bo(x)
Split Vg = (Vi — V_@Bg(w)) + V_Spsg(x)’ apply (5), 0o <7, n > AX:
“log” 0% + o™ a 1.4 A tq q
/Bg(x)n log”(e +n)dy < (0™ + o"r )HV‘P“ZZ,A(BT) < d'rip “chHZE’A(BT)' (39)

Divide by ¢**9, g-th root, sup, ,-,: (36), c = (¢’)"/4. O
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Theorem 3.4 (Holder continuity). Under (A1)—(A,), setting of Thm. 3.2, plus
Atqg>n,  hel[ZPM(D)" (40)
Xi=A+q7:=0A-n)/ge (0,1): ueC(K), K €D,
lellcorey < (bl zgasaip) + [l 2oy (41)

Proof. X € (n,n+q) = 7€ (0,1). Thm. 3.2 at X:

By Rem. 2.3, \e (n,n+q) = Zg’X(K) s COaT(K), and zg’x SN ngX:
10z,ullcor (1) < ]| O,u |Zg‘X(K) < C(Hthng(D) + [[ull22(p))- (43)

(Lemma 3.3 independently confirms [[¢]| .5 < C7"||V@HZ§,A.) Forz,y € K,s:=|z—y| <1
B

1
ue) = uly) < [ [Vula + by~ 0)lsdt < s Vallmge) < esmax0,ullcorqi. @4
0 K3

With min(A, B) < A" "B7 (A, B > 0), A := 2|Ju| L (x), B 1= ¢s]|Vu|| o)
u(@) = u(y)] < @llullzo )~ (esl|Vull L))" = ¢s7, (45)

ue CO7(K) fors < 1;s > 1: Ju(z) — u(y)| < 2||ul|ze(x)s™. (41) follows from (43), (45) and
the L°° bound for u via Moser iteration [8, 10]. O

Remark 3.5 (Borderline case). At A\+q =n, A = n: O, u € B(K) only. Taking B > q ath=n
gives instead a Zygmund/Trudinger modulus |u(x) — u(y)| < c|z — y|log®~/4(e 4 |z — y|™1),
replacing (45) by direct integration of the pointwise ng-oscillation bound; details are related
to [16] and are not carried out here.

Remark 3.6 (Reductions).

6—0 = Thms. 3.1-3.4 reduce to the classical plain-power case [2,4],  (46)

A= 0" = (|0l Lo < clllullee + [[hllee) 4], 47)
An = 7,/1(h— B), (48)
a;; € C%D) = (41) recovers Stampacchia [23]. (49)
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