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Abstract
This paper analyzes the three-step HA-iteration scheme for enriched nonexpansive mappings.
We establish weak convergence via Opial’s condition and prove strong convergence under
varying domain and mapping assumptions. A numerical example demonstrates that the
HA-iteration converges more effectively than existing schemes for enriched nonexpansive
mappings that are not classically nonexpansive. These results extend current literature and
highlight the efficiency of the proposed method.
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HA-Iteration for Nonexpansive Mappings

1. Introduction

Let E be a subset of a Banach space B, and T : E → E be a self-map. T is nonexpansive if
∥T w−T w′∥ ≤ ∥w−w′∥ for all w,w′ ∈ E. Since Browder [1] and Gohde [2] established fixed
point existence in uniformly convex Banach spaces (UCBS) [3], this theory has seen extensive
development [4, 5, 6, 7, 8, 9, 10, 11, 12, 13].

To broaden this framework, Berinde [14] introduced enriched nonexpansive mappings:

Definition 1.1. A map T : E → E is enriched nonexpansive if there exists b ∈ [0,∞) such that
∥b(w − w′) + T w − T w′∥ ≤ (b+ 1)∥w − w′∥ for all w,w′ ∈ E.

This class strictly includes nonexpansive mappings (b = 0). Given an enriched nonexpansive
T , we define the averaged operator Tλw := (1− λ)w+ λT w, where λ = (b+ 1)−1. It is known
that FTλ = FT .

While the Picard iteration [15] may fail for these mappings, several multi-step iterative
schemes have been developed to ensure convergence, including those by Mann [16], Ishikawa [17],
Noor [18], Agarwal [19], and Abbas [20]. We compare the proposed HA-iteration scheme against
these methods and the HK-iteration [21]:

ui = (1− βi)wi + βiT 2
λ wi,

vi = (1− αi)T 2
λ wi + αiT 2

λ ui,

wi+1 = Tλvi,

(1)

where {αi}, {βi} ⊂ [0, 1]. Our numerical analysis shows that the HA-iteration provides a faster
rate of convergence than the aforementioned schemes. The remainder of this paper establishes
formal convergence results for scheme (1) and provides validation.

2. Preliminaries

Let E be a closed convex subset of a UCBS B. For a bounded sequence {wi} ⊂ B, we define
the asymptotic radius and center relative to E as r(E, {wi}) := infw∈E lim supi→∞ ∥w − wi∥
and A(E, {wi}) := {w ∈ E : lim supi→∞ ∥w−wi∥ = r(E, {wi})}. In a UCBS, the asymptotic
center is a unique point [22, 23].

Definition 2.1 ([24]). A Banach space B satisfies Opial’s property if for any {wi} converging
weakly to w ∈ B, lim supi→∞ ∥wi − w∥ < lim supi→∞ ∥wi − w′∥ for all w′ ∈ B \ {w}.

Lemma 2.2. Let E ⊆ B and T : E → E.

(i) Nonexpansive mappings are enriched nonexpansive (b = 0).

(ii) If B satisfies Opial’s property and T is nonexpansive, then {wi} ⇀ w0 and limi→∞ ∥wi −
T wi∥ = 0 implies w0 ∈ FT .

Lemma 2.3 ([25]). Let B be a UCBS and 0 < u ≤ γi ≤ v < 1. If {vi}, {wi} ⊂ B satisfy
lim supi ∥vi∥ ≤ z, lim supi ∥wi∥ ≤ z, and limi ∥γivi + (1 − γi)wi∥ = z for z ≥ 0, then
limi ∥vi − wi∥ = 0.
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3. Main Results

Lemma 3.1. Let E be a closed convex subset of a UCBS B, T : E → E enriched nonexpansive,
and FT ̸= ∅. For the sequence {wi} generated by (1), the limit limi→∞ ∥wi − w0∥ exists for all
w0 ∈ FT .

Proof. Fix w0 ∈ FT = FTλ
, where Tλ = (1−λ)I+λT with λ = (1+ b)−1. Since T is enriched

nonexpansive, Tλ and T 2
λ are nonexpansive. Since Tλw0 = T 2

λw0 = w0, we estimate:

∥ui − w0∥ ≤ (1− βi)∥wi − w0∥+ βi∥wi − w0∥ = ∥wi − w0∥,
∥vi − w0∥ ≤ (1− αi)∥wi − w0∥+ αi∥ui − w0∥ ≤ ∥wi − w0∥,

∥wi+1 − w0∥ = ∥Tλvi − Tλw0∥ ≤ ∥vi − w0∥ ≤ ∥wi − w0∥.

Thus, {∥wi − w0∥} is nonincreasing and bounded, ensuring the limit exists.

Lemma 3.2. Let E be a closed convex subset of a UCBS B and T : E → E enriched
nonexpansive. The sequence {wi} generated by (1) is bounded and satisfies limi→∞ ∥Tλwi −
wi∥ = 0 if and only if FT ̸= ∅.

Proof. (⇒) With w0 ∈ FT , Lemma 3.1 implies {∥wi − w0∥} converges to z ≥ 0. Convexity of
(1) yields lim sup ∥ui − w0∥ ≤ z and lim sup ∥vi − w0∥ ≤ z. Since ∥wi+1 − w0∥ ≤ ∥vi − w0∥,
we find limi→∞ ∥vi − w0∥ = z. By Lemma 2.3 (Schu [25]), limi→∞ ∥T 2

λui − T 2
λwi∥ = 0. Since

Tλ is nonexpansive, ∥ui − wi∥ → 0, implying ∥T 2
λwi − wi∥ → 0. Finally, ∥Tλwi − wi∥ ≤

∥Tλwi − T 2
λwi∥+ ∥T 2

λwi − wi∥ → 0.
(⇐) Let w0 ∈ A(E, {wi}). Nonexpansiveness gives r(Tλw0, {wi}) ≤ lim sup ∥wi−Tλwi∥+

r(w0, {wi}) = r(w0, {wi}). By uniqueness of the asymptotic center (Takahashi [23]), Tλw0 =
w0, so FT ̸= ∅.

Theorem 3.3. If E is a compact convex subset of a UCBS B, then {wi} converges strongly to
p ∈ FT .

Proof. By Lemma 3.2, {wi} is bounded and lim ∥wi − Tλwi∥ = 0. Compactness of E ensures
a subsequence {wir} → w̃ ∈ E. Nonexpansiveness implies ∥wir − Tλw̃∥ → 0, so Tλw̃ = w̃.
Convergence of the full sequence follows from Lemma 3.1.

Theorem 3.4. If lim infi→∞ dist(wi, FT ) = 0, then {wi} converges strongly to a fixed point.

Proof. For any p∗ ∈ FT , Lemma 3.1 implies ∥wn − p∗∥ ≤ ∥wi0 − p∗∥. For ε > 0, choose i0
such that dist(wi0 , FT ) < ε/2, hence ∥wn − wm∥ < ε for n,m ≥ i0. The sequence is Cauchy
and converges to some w̃ ∈ FT .

Theorem 3.5. If Tλ satisfies condition (I) (Senter and Dotson [26]), then {wi} converges
strongly to a fixed point.

Proof. Condition (I) gives f(dist(wi, FT )) ≤ ∥wi − Tλwi∥ → 0. Since f(t) > 0 for t > 0,
dist(wi, FT ) → 0. Convergence follows by Theorem 3.4.

Theorem 3.6. If B satisfies Opial’s condition (Opial [24]), {wi} converges weakly to a fixed
point.

Proof. Since B is reflexive, wis ⇀ p1 ∈ FT . Assuming wit ⇀ p2 ̸= p1, Opial’s condition yields
lim ∥wi − p1∥ < lim ∥wi − p2∥ and vice versa, a contradiction. Thus, wi ⇀ p1.
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4. Example

We illustrate the convergence behavior of the HA-iteration via a mapping that is enriched
nonexpansive but fails to be classically nonexpansive.

Example 4.1. Consider E = [1, 3] ⊂ R and Te = 1
2
(e+e−1). First, we note T (E) ⊂ [2/3, 2] ⊂

E, ensuring the iteration is well-defined. Regarding nonexpansiveness, for e = 3, e′ = 1, we
have |T (3)− T (1)| = 2/3. While |e− e′| = 2, for other points, the ratio |T (e)− T (e′)|/|e− e′|
can exceed 1, confirming T is not classically nonexpansive.

Enriched Nonexpansiveness: For b = 1 and e, e′ ∈ [2/3, 2], we evaluate the condition:

|1(e− e′) + Te− Te′| = |e− e′|
∣∣∣∣32 − 1

2ee′

∣∣∣∣ .
Since ee′ ≥ 4/9, it follows that |3

2
− 1

2ee′
| ≤ 2 = b+ 1. Thus, T is enriched nonexpansive with

b = 1.
Convergence: With λ = (b+1)−1 = 1/2, the averaged operator is Tλe =

3
4
e+ 1

4e
. The fixed

point Te = e yields e = 1. Starting from w1 = 2.5, the HA-iteration sequence wi converges
rapidly to the fixed point 1, as shown in Table 1 and Figure 1.

Table 1: Comparison of the proposed HA-iteration with existing iterative schemes.

k HA HK Agarwal Abbas Picard-Noor
1 2.5 2.5 2.5 2.5 2.5
2 1.0018118940 1.0477373725 1.4253638030 1.1391793728 1.1391793730
3 1 1.0000003600 1.0585738690 1.0015183890 1.00151838900
4 1 1 1.0014658780 1.0000001960 1.00000019600
5 1 1 1.0000009660 1 1
6 1 1 1 1 1

Figure 1: Graphical comparison of HA, HK, Agarwal, Abbas and Picard–Noor competing
iteration schemes converging to the unique fixed point T in Example 4.1.
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5. Conclusion

In this study, we introduced the HA-iteration process for approximating fixed points of enriched
nonexpansive mappings in Banach spaces. We established both weak convergence, under Opial’s
condition, and strong convergence, utilizing compactness arguments, condition (I), and distance
criteria.

These results extend existing fixed point theorems for classical nonexpansive mappings
to the broader class of enriched nonexpansive operators. Our theoretical analysis confirms
the stability of the proposed scheme, while comparative numerical investigations demonstrate
that the HA-iteration achieves a faster rate of convergence than the HK, Agarwal, Abbas, and
Picard–Noor processes.

Given its computational efficiency, the HA-iteration provides a robust framework for ad-
dressing fixed point problems and offers a promising tool for further developments in nonlinear
analysis and applied fixed point theory.
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