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Abstract

In this paper, we employ fractional conformable integral operators to develop novel versions
of Pachpatte-type integral inequalities for functions defined on harmonic sets, namely
for harmonic h-Godunova-Levin mappings. We provide nontrivial numerical examples
accompanied by graphical illustrations for different values of the fractional parameters to
show the validity and application of the derived results.
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Conformable Fractional Pachpatte-Type Inequalities

1. Introduction

Due to its numerous applications in mathematics and physics, mathematical inequalities are
crucial to the study of mathematics as well as other branches of mathematics. The convex
function, which is defined as follows, is one of the most important functions used to explore
intriguing inequalities: Let I C R be a non-empty interval. The function ¢ : I — R is called
convex if

€013, + (1 —01)3.) < 010(5) + (1 —01)C(52),

holds for every 3,,3, € I and 0; € [0, 1]. Convex functions and, in particular, one of the well-
known inequalities for convex functions, the Pachpatte-type inequality [1], which is described
in the following theorem, have recently captivated a lot of academics. For the literature, see
(2, 3, 4].

Theorem 1.1 ([1]). If {; and (y are non-negative real-valued convex functions on [3,,3,), then

1 3 1 1
| 6ltlo) e < 3M w5 + {NGus)
31

32 - 31 6
and
3.+ 3 3+ 3 1 3 1 1
2 < d _M 15902 _N 1792)>
G(25) e(352) < 5 [ ot des G050 + GNGus
where

M (u1,3.) = Ci(31)C2(31) + Ci1(32)C2(32),
N(u1,3.) = Ci(3:)C2(3) + C1(32)C2(51)- (1.1)
The structure of the article is organized as follows. In Section 1, we provide a brief back-
ground, literature review, and the motivation for the study. Section 2 recalls the necessary

definitions, concepts, and related preliminary results. The main results of the paper are presented
in Section 3. Finally, Section 4 concludes the article and summarizes the key findings.

2. Preliminaries

This section provides the foundational concepts and definitions necessary for our main results.

The concept of harmonic convexity has gained a prominent generalization of classical
convexity in recent years and has given new insights into the fields of mathematical analysis
and inequalities. The idea of harmonic convex functions was introduced in the seminal work by
Iscan [5] in the following form.

Definition 2.1 (Iscan [5]). A function (: K C R\ {0} — R is called harmonically convex if
¢ ( 3132
0151 + (1 - 01)52
forall 3,,3, € K and 0, € |0, 1].

Definition 2.2 (Harmonical h-Godunova-Levin functions [6]). Let h : (0,1) C R — R
be a non-negative function. A function ¢ : K C R\ {0} — R is said to be harmonically

h-Godunova-Levin if
3132 C(ﬁl) C(Z)z)
<
C(Mm+ufmﬁ&)_h®ﬁ+hﬂ—oﬁ’

)gax@»+¢1—ana&»

forall 3,,3, € K and 0, € (0,1).
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3. Main Results

In this section, we establish several new variants of Pachpatte-type by utilizing the fractional con-
formable integral operator. Before presenting the main results, we briefly recall the fundamental
definitions and properties of this operator, which will be used throughout the section.

3.1. Fractional Conformable Integral Operator

Let « > 0, Re(8) > 0 and f € C[0,&]. The left- and right-sided fractional conformable integral
operators are defined, respectively, by

and

T B A (e S (ks i N A ()
it =g [ () g s

Theorem 3.1. Let (, Y : [3,,3.] = R be two harmonically h-Godunova—Levin functions defined
on [31,3,) with 0 < 3, < 3,, and (, T € L[3,,3,]. Let h: (0,1) — R satisfy h(0) # 0 for all
0 € (0,1). Then, for & > 0 and Re(8) > 0:

A € i (A LA (0 S RO 1()
2I'(B) (32 - 51) { /1 ( o) > (t —L)ti-a dt

» (Q% i i >”‘>“ ((€1) 2 () dt}

o (=)'

_I_

1

32

CG)YGY) +CG)YGY) [ 20(6-1)
: 2 /0 h2(0) + h2(1 —0) @
1 ‘Oa(ﬁ—l)
T [CG)TG) + C62)TGy)] / T 0

where x(t) = 1/t fort > 0.

Proof. By the harmonic h-Godunova-Levin property of ¢ and Y, for 0 € (0, 1):

132 C(zl) C(jl)

C<°3z+3<13—°>31> =he) TR1-0 @
s TG)  YG)

T<Dazﬁ(f—a)al> = h(d) + h(1 _0>' (3)

Multiplying (2)—(3) and repeating with the symmetric argument 03, + (1 — 0)3,, then adding the
two resulting inequalities gives:

(Cﬂ(%) + (CT)(W>
< ST () +C62)T(a) 2[C(32) 7T (32) + €(32)Y(31)]
—  h(d)+h*(1-D) h(0)h(1 —0) '

4)
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Multiplying (4) by 9*(®~1) and integrating over (0, 1) yields the left-hand side integrals I, + Is.
Applying the substitutions

— 1 _ s — 1 4 3275
= n =
¢ b1 3132 0 a d ¢ 32 + 3132 0

respectively, with x(¢) = 1/¢, transforms these into the conformable fractional integrals:

T e A e Gl i W (S SO0
]1+I2_F(6)(51_31) {/1 ( - ) (t_L)lfa dt

+

1

11—«
1 o} t)

31

Substituting into the integrated form of (4) and dividing by 2 yields (1). [

Example 3.2. Under the assumptions of Theorem 3.1, let 3, = 1.2, 3, = 3, « = 1.5, § = 0.9,
with

O =¢, TEO=vE&  h@d)=02+07, 2€(0,1),
and X (§) = 1/¢, so that (Y o x)(§) = /2.
2-12-3

Left-hand side. The harmonic mean is H = 19

~ 1.7143, and h(3) = 1.2, so

1.2
2

h(1/2
LHS = (2/ ) C(H)Y(H) = (1.7143% - V/1.7143) = 0.6 x 3.847 ~ 2.308.
Middle term. The key constants are

3132
31 - 51

L-083 L1=03, (05" ~0.3536, (

0.85
L > = (2.0)"% ~ 1.822, T(0.9) ~ 1.0686.

By symmetry of the two conformable fractional integrals, I, = I ~ 1.642, giving

1.822
Middle = — = (1.642 4 1.642) = 0.8527 x 3.284 ~ 2.800.
iddle = oo (1642 4 1.642) = 0.8527 x 3.28 800

Right-hand side. The endpoint products are

C(3)Y(32) = 1.577,  ((3.)Y(3.) = 15.589, ((3:)Y(3.) =~ 2.495, ((3.)Y(3.) ~ 9.859.

With o — 1) = —0.15 and h(d) = 0 + 0.7, numerical integration gives

1 0—0.15 1 0—0.15
Jy = do ~ 0.924 Jo = do ~ 1.178
! /0 04072+ (1.7—0)? ’ ? /0 (0+0.7)(1.7— ) ’
hence
1.577 + 15.589
RHS = +2 x 0.924 + (2.495 + 9.859) x 1.178 ~ 7.931 + 14.553 ~ 22.484.

The inequality chain
2.308 ~ LHS < Middle ~ 2.800 < RHS =~ 22.484

confirms Theorem 3.1 for the chosen parameters.
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—— LHS
1 — Middle
| RHS

=
~
w

-
u
=}

=
N
v

10.0 1

Value of inequality terms
~
w

b
o

N
U

0.70 0.75 0.80 0.85 0.90 0.95 1.00
Fractional parameter 8

Figure 1: Graphical verification of the inequality LHS < Middle < RHS for Example 3.2.

Theorem 3.3. Let ¢ : [31,3,] — R be a harmonical h-Godunova—Levin function, where 0 <
31 < 3. and ¢ € L'[3,,3,]. Assume that the auxiliary function h : (0,1) — R* is positive and
satisfies h(0) # 0 for all 0 € (0, 1). Then, for every o > 0 and Re(3) > 0, the following double
inequality holds:

h(z) C(zlﬂz)

2 2

L (2 VO (G- - -\ (o))
= 2I'(B) (32 - 51> /ﬂﬂz « (i — 1)l dr

23132

31+32 1132 o [e7 p-
B it il Gt B M (S0 GO I
A o (=
C(31> + C(Z’z) /1 a(B-1) 1 1 _
< === 0 + do, 5
AR A O R0 N

where x(x) = 1/x for x > 0.
Proof. Ford € (0,1), define:

_ 2313, e — 23132
03, +(2—-0)3. (2—0)3 +03,

(&1

Then we compute:
2C1€1 _ 1 + 32

c1+ e 2
From the harmonic h-Godunova—Levin property:

(244 < g Gt + e

Thus:
h(1/2)<(‘”T+‘”) < ¢(e1) +¢len).
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That is:

51+ s 2.3 2313
h(l/m(T) = g(azl +(2- 0)5z> " <(052 +(2- 0)31) |

Multiply both sides by 0¥~V and integrate over (0, 1):

h(1/2)¢ (%) /01 22D 1o

! 2313 ! 2313
< aa(51)<< 192 ) do + / aa(ﬁl)g( 1J2 ) do.
/0 03, + (2 —0)3, 0 05, + (2 0)3

Note that fol Da(ﬁ_l)db = m.

Now transform the integrals. For the first integral:

! 22 102
I = / aa<5—1>g( 91 ) .
0 031 + (2 - 0)32

Sett = % — 2759 Then:

23132
2 192 1 2 192 2 192 1
o:ﬂ<——t>, do — —=9d> gy 91 _—
32_51 51 32_51 051+(2_D)32 t
Whenazo,t:i;whenbzl,tz‘gz—gﬁ
Thus:

(31+32)/(23132) 2 1 a(B-1) 9
[ [ )] ()
1/3. 52 — 41 d1 32 — 5

a(B-1)+1  ,r1/3, a(B-1)
23132 1
- (—) / (——t) (¢ ox)(t)dt.
32— % (31+52)/(25132) \d1

Now rewrite in fractional conformable form:

a(p— = 171732\ o -1
;1 ( 213 ) (# ”“/i (5= &) — (- — 1) (Cox)
= S X\
L'(B) \3. — 5 stis o (L —1)

31

23132

For the second integral:

! 2313
I, = [ 2*-D ( 192 ) do.
’ / \os v -0

Sett = 3% + 2= Then:

25152
2 192 1 2 192 2 192 1
a:A(t__), do — 28 gy N
32— 5 32 3.~ 5 03, +(2-0)5 ¢
Whend =0, t = i;whenb =1,t= %
Thus:
(31+32)/(23132) 2 13, 1 a(B-1) 2 3,
L= [ {—“ (t——)} (Cox)(t) - —dt
1/32 32— 31 32 3, — 31
a(ﬁ_1)+1 (51+51)/(23131) O‘(B_l)
2313, 1
= <—) / (t - —) (Cox)(t)dt.
32— 31 1/32 32

International Journal of Applied Mathematics, Optimization and Al

(6)

(7)

26



Conformable Fractional Pachpatte-Type Inequalities

Rewrite in fractional conformable form:

alB— 31+352 1+32 o « -1

N

2= S T I\i—a "
I'(B) \3. — 5 1 (t

32

Substituting into (7):

31132 1
ame(232)

1 23132 (f-1)+1 i (;,i - %)a - (% —1)® o (Cox)(t)
b . s A J
= L(B) <3z - 31> /a+a ! (L —¢)t-e t

23152 31

s1taz 132 1\a Lya A1
+/23132 ((%_5) _(t_;;) > (COX> t) dt}

_ 1\1-«a
1 a (t 51)
)04(,3—1)-1—1

Multiplying both sides by I'(3) (M

23152 [a(B — 1) + 1] gives:

h(1/2D(B)[a(8 1) + 1] (u)“””“ C(m )

2313, 2
L (L _ 31+3z)a _ (L _ t)a A-1 t
< [ 31 23132 31 (C ° X>( ) dt
- 31+32 (07 (l - )1*(1
152 31
31tz 143 1\a 1ya\ A1
LEE (G -D DN eve |,
1 o (t— i)l_a .
32 32

Dividing by 2I'() and rearranging gives the first inequality in (5):

alpP— L 1132\ a B—1
D (es) 1 (O (G
2 2 _ZF(B) 52— 31 31+32 a

23132

(€ o)) B (- =5\ (o)
X —(i—r)l—o‘ d7'+/;z ( 5 > —< 1)1_a dT}.

For the second inequality, we use the harmonic h-Godunova—Levin property directly:

25131 C(ﬁl) C(ﬁz)
((051 + (2 — 0)32) = (52?) + h(2)’ 3)
23131 C(él) <(32)
C(% + (2 — 0)3l> = h(%2) * h(2) 9)
Adding (8) and (9):
C(Cl> + C(el) < [C(ﬁl) + C(ﬁz)] [h(j;b) + h(12>] ' (10)
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From (6) and (10):

h(1/2)C(3l ;5) < (@) + Clen)

< [C(32) +¢(32)] [h(;) + 1)] .

Multiply by 0¥~V and integrate over (0, 1):

1
h(1 /2)((3%) /0 2% o

SR [ - (;) " (19)] @.

)

2

Also from (10):

1

0 [((er) + ((er)]dd

S—

< 660+ ol [ 970 [ T (19)] o

The left side is I; + I, so substituting the expressions for /; and I5:

1 (25_5) R A e il it B W (S2910) dt
F(ﬁ) 32 — 51 s1tsa Q (L —{)l-a

23132 31

g (i = Do (- e\ g

1

32

SRR [h (j; T (12)] .

0
2

Dividing both sides by 2I'(3) gives the second inequality in (5):

1

s (B )“(““ [ -8 -G -0\ onm
2I'(8) \3. — 5 atae « (L —7)t-a

23132

1152 1 2 « « /3471
g (e~ L (o 1 (Con)()
+ 1 « (T - l>1ia "
3 3
1 2 ! 1 1
< $) +¢() / RLCE ) PR S )
2 0 h(%52) - h(3)
Combining both inequalities completes the proof of Theorem 3.3. U
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Example 3.4. Under the assumptions of Theorem 3.3, let
=1 3=4 a=12, [(=0.85,

with ]
= e l,4 h(d) =140, 02€(0,1).
(= g5 CElAL HE) =140 2e (D
. . 1 +52 _ 1y
Left-hand side. Since 5= 2.5and h(3) = 1.5,
h(1/2) 15 1
LHS = 2~/ c2.5) = =2 . = = 0.250.
S 5 ((25) = = - 5 = 0.250
Middle term. Setting (( o x)(7) = H—% with x(§) = 1/&, the key constants are
BT

2 192 .
: 5_3’3 SoaB-1)+1=082, (5)"P~2148 T(0.85)~ 1.109,
and the integration limits are i =1, i = 0.25, %ﬁf = 0.625, giving equal half-widths

(0.375)'% &~ 0.298. Numerical evaluation of the two conformable fractional integrals yields
I = 0.328 and I, ~ 0.261, so

2.148
Middle = —————(0.32 .261) =~ 0. . ~ 0.571.
iddle 2><1.109(038+0 61) ~ 0.968 x 0.589 ~ 0.57

Right-hand side. With {(1) = 2 and ((4) = 2, and using h(*5°) = 552, h(3) = 22,

2
9’ 2 2 2
1

! 1
J:/ 08—+ — ) do ~ 2914,
0 6—0 240

RIS — w g ().6667;0.2222

hence
x 2.914 ~ 1.295.

The inequality chain
0.250 = LHS < Middle ~ 0.571 < RHS =~ 1.295

confirms Theorem 3.3 for the chosen parameters.

1.2 1
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— LHS
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—— RHS

0.8 1

0.6 1

Value of inequality terms

0.4 1

0.2

0.70 0.75 0.80 0.85 0.90 0.95 1.00
Fractional parameter

Figure 2: Graphical validation of Theorem 3.3 illustrating the ordering LHS < Middle < RHS .

Moreover, the curves of ((£) and ((x(&)) are smooth, with ((&) decreasing and ((x(¢))
increasing on the considered interval, yielding well-behaved harmonic plots that visually support
the analytical results.
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4. Conclusion

We established the Pachpatte-type fractional inequalities involving harmonic h-Godunova-Levin
convex functions in the frame of conformable fractional operator. The usefulness of these tech-
niques is confirmed by numerical and graphical validations, especially for predicting quadrature
errors over harmonic intervals.

Acknowledgements: The authors would like to express their sincere thanks to the editor and the
anonymous reviewers for their helpful comments and suggestions.

Artificial Intelligence Statement: No artificial intelligence tools were used in the preparation
of this manuscript.

Conflict of Interest Disclosure: No potential conflict of interest was declared by authors.

References

[1] B.G. Pachpatte, On some inequalities for convex functions. RGMIA Research Report
Collection. 6 (2003), 1-8.

[2] B. Ahmad.; A. Alsaedi.; M. Kirane.; B.T. Torebek. Hermite—Hadamard, Her-
mite—Hadamard—Fejér, Dragomir-Agarwal and Pachpatte type inequalities for convex
functions via new fractional integrals, J. Comput. Appl. Math., (2019), 353, 120-129.

[3] M. Tariq.; A.A. Shaikh.; S.K. Ntouyas. A comprehensive review of the Pachpatte-type
inequality pertaining to fractional integral operators, Surv. Math. Appl., 20 (2025), 25-74.

[4] M. Tariq.; S.K. Ntouyas.; J. Tariboon. Some new variants of fractional Hermite-Hadamard
and Pachpatte-type integral inequalities involving Raina’s and Mittag-Leffer functions with
applications, J. Math. Comput. Sci., 40, (2025), 415-443.

[5] 1. iscan, Hermite-Hadamard type inequalities for harmonically convex functions, Hacettepe
J. Math. Stat., 43, (2014), 935-942.

[6] W. Afzal.; K. Shabbir.; S. Treantd.; K. Nonlaopon. Jensen and Hermite-Hadamard type in-
clusions for harmonical h-Godunova-Levin functions, AIMS Math., 8, (2023), 3303-3321.

License

This work is licensed under a Creative
Commons Attribution 4.0 International License.

INTELLECTA PRIME

PUBLISHER

International Journal of Applied Mathematics, Optimization and Al 30


https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

	Introduction
	Preliminaries
	Main Results
	Fractional Conformable Integral Operator

	Conclusion

